We study the localization transitions for coupled one-dimensional lattices with quasiperiodic potential. Besides the localized and extended phases there is an intermediate mixed phase which can be easily explained decoupling the system so as to deal with effective uncoupled Aubry-André chains with different transition points. We clarify, therefore, the origin of such an intermediate phase finding the conditions for getting a uniquely defined mobility edge for such coupled systems.
I. INTRODUCTION
Since the discovery of the Anderson transition [1] , the problem of localization of the wavefunctions in low dimensional quantum systems has attracted a lot of both theoretical and experimental interest in the scientific community [2] [3] [4] [5] [6] . Anderson localization predicts that the single particle wavefunctions become localized in the presence of some uncorrelated disorder, leading to a metalinsulator transition caused by the quantum interference in the scattering processes of a particle with random impurities and defects. Although the standard Anderson transition occurs in three dimensions, an analogous effect may appear in one dimension in the presence of a so-called quasi-disorder. The most popular case is provided by the well celebrated Aubry-André model [3] which exhibits a quantum phase transition between a phase where all the eigenstates are localized and another one where they are extended. Strongly motivated by the experiments of Bloch and cowokers [7, 8] and the feasibility of realizing several copies of the Aubry-André system, we investigate the localization transitions for coupled-chains in a quasi-disordered environment. Moreover, in the experiment reported in Ref. [8] , it has been observed a coexistence of localized and delocalized states due to the extension of the kinetic term persisting even in the strong tight binding limit of a continuous one-dimensional bichromatic model, although, in that limit, it is not expected any range of parameters where localized and extended states can coexist. As we will see, if, instead, one allows the chains to be coupled, this regime of coexistance may appear as in the case of longer-range hopping terms for a single chain. We will perform, therefore, a systematic study of the localization transitions of two and many coupled chains in order to clarify also the appearance of the mobility edges in such composed systems. The presence of an intermediate phase where extended and localized states coexist make the definition of a mobility edge questionable [9, 10] . We make clear the origin of such an intermediate phase finding the conditions for a unique and well defined mobility edge for such aperiodic coupled chains. The paper is organized as it follows: in Sec. II we will briefly review the known results for a single Aubry-André model, with both nearest-neighbor and further hopping terms, in Sec. III we will consider two coupled chains for short and longer hopping terms, discussing the intermediate phase, and in Sec. IV we will generalize the coupling to a generic number of chains.
II. THE AUBRY-ANDRÉ MODEL
Let us consider the following one-dimensional lattice model, called the Aubry-André chain,
where
is the golden ratio,ĉ † i ,ĉ i are the (bosonic or fermionic) creation and annhilation operators defined on the lattice site i, t ij the hopping parameter and λ the strength of the quasi-disordered potential. It has been rigorously proven [11] that if the sum is restricted to nearest-neighbor sites, t ij = t 1 (δ j,i+1 + δ j,i−1 ), the above system shows a transition at
Above λ c all eigenstates are exponentially localized, while below they are all delocalized. On the other hand, if the sum is extended to further neighbors, there is a mobility edge, namely, the critical strength of the potential λ c , depends on the energy levels E n , and providing that the hopping parameter decays exponentially with the distance (|t | ≡ |t i,i± | = e −p with p some positive real value), the transition can be calculated analitically [12] 
This expression is exact for exponential form of the hopping parameter but is also in a very good agreement with numerical results if one considers terms up to next-nearest neighbors with t 2 much smaller than t 1 , neglecting further terms which can be assumed exponentially small. The transition from a localized state to a delocalized one can be detected by the measure of the so called inverse participatio ratio (IPR), which is a quantity derived from the eigenfunctions of the hamiltonian,
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For normalized wavefunctions, i |ψ n,i | 2 = 1, one gets
The two extreme limits can be explain as it follows. For very extended state |ψ n,i | ∼ 1/ √ L, therefore I (n) P ∼ 1/L, which goes to zero in the thermodynamic limit, while for strongly localized state |ψ n,i | ∼ δ i,i0 , so that I (n) P ∼ 1. In Fig. 1 , as examples, the IPRs of two eigenstates are reported, related to the ground state and to a state at the band energy center for the Aubry-André model with nearest-neighbor hopping. The value of λ for which the IPR drops to zero is the critical point λ c . 
III. TWO COUPLED CHAINS
Let us now consider two copies of the Aubry-André chain coupled together by some additional transverse hopping parameters. The general form of the Hamiltonian is the following
where (i) = λ cos(2πτ i) are the on-site energies, t ij the hopping parameter between sites of the same chain, t d ij and t d 0 are the hopping parameters between sites belonging to different chains and with different or same on-site energies respectively,ĉ andd are the operators defined on the two different chains. In the following subsections we will study numerically and analitically the localization transitions for this system.
A. Nearest-neighbor hopping
We first discuss the system of two chains coupled by nearest-neighbor hopping, introduced in Ref. [9] and commented in Ref. [10] . This model is described by In terms of the spinorb = ĉd ,
the Hamiltonian can be written
and
where t 1 = t i,i±1 is the nearest-neighbor hopping between the i-th and the (i ± 1)-th site of the same chain, t d 0 is the transverse nearest-neighbor inter-chain hopping between the two chains and t
is the nearest-neighbor inter-chain hopping between the i-th and the (i ± 1)-th site of the two different chains (actually, it is already a next-nearest-neighbor hopping parameter between the two neighboring chains). Introducing the wavefunction
where ψ
n,i are the amplitudes of the wavefunctions at the i-th site of the α-th chain (α = 1, 2). The Schrödinger equation in this basis, can be written as
which explicitly corresponds to the following coupled equations
n,i−1 (14) Applying the following canonical transformation
the system is exactly mapped to two uncoupled AubryAndré chains described by Eq. (4), explicitly,
The full spectrum E m is composed by two different spectra E
0 of two uncoupled AubryAndrè chains whose localization transitions occur at
and can be sorted in ascending order labeling m = 1, . . . , 2L, so that, for t In Fig. 3 , in the plot below, the two spectra E + and E − of the two effective chains are reported for a specific value of λ. Since there is a shift of 2t d 0 the nature of the states at the external bands is dictaded only by one of the two effective Aubry-André chains. In this situation it is questionable speaking about the presence of a mobility edge, as explained in Ref. [10] . As final remark, one can notice that for the pure ladder configuration, with t d 1 = 0, the two effective uncoupled chains differ only by an energy shift while the critical values are the same as without any coupling.
B. Generalization to longer range hopping and the case with next-nearest neighbors
We can generalize the previous results to many-neighbor hopping parameter. The Hamiltonian can be written as:
where now T is defined by
,i± are the -th-neighbor hopping terms for the sites belonging to the same chain and to different chains respectively. Introducing the wavefunction and by the transformation (15) , in the same way as before, one gets two decoupled Schrödinger equations
describing two uncoupled extended Aubry-André models.
Next-nearest-neighbor hopping
Let us consider the case with second-nearest-neighbor hopping, that can be described in Fig. 4 so that Eqs. (22), (23) becomes simply
which are two uncoupled chains. In the hypotesis of
and neglecting further terms which can be assumed exponentially small, we can resort to the analytical result reported in Eq. (3) for a single extended Aubry-André model [12, 13] , getting the following values of the critical potentials
As one can see from Fig. 5 , the full spectrum results from the overlap of the spectra of two uncoupled chains so that in general one can have an intermediate phase defined as a regime of parameters for which we have a coexistence of localized and delocalized states. For the sake of simplicity of notation let us define
As shown in 
for A + = A − and A + = 1/A − , as shown in Fig. 5 . On the other hand, if A + = A − (or A + = 1/A − ), the two lines are parallel as in the case of Fig. 7 . The most relevant physical situation is when A + = A − , namely when
By this condition we have two parallel critical lines with slope 2(t2/t1) 1+(t2/t1) 2 and a coexisting region where there are localized and delocalized states, as show in Fig. 6 . If we now impose an additional condition to Eq. (31) for the hopping parameters
which is also quite reasonable, we get that λ + c = λ − c for any value of the energy. This means that we get a uniquely defined mobility edge which separates the localized phase from the delocalized one, as shown in Fig. 7 .
C. Intermediate phase: coexistance of extended and localized states
We can define two different quantities that draw the contour of the region of parameters where localized and delocalized states coexist [14] . From the definition of IP R for an arbitrary state, Eq. (5), we can take the average over a set of energy levels whose number is N B
which vanishes when all the N B states are extended. One can use also a complementary quantity, the normalized participation ratio (NPR)
and, analogously, from that, one defines its average over a subset of states,
where L is the size of the system, which vanishes when all the N B states are localized.
In the regime where both I P and N P remain finite, the spectrum of the Hamiltonian allows for a phase which has both spatially extended and localized eigenstates. This behavior defines an intermediate phase (the shaded regions in Fig. 8 ) made by a mixture of extended and localized states. In Fig. 8 we ploted I P and N P got from aver- aging over all the eigenstates, for nearest-neighbor and next-nearest-neighbor cases of two coupled Aubry-André models. This intermediate phase can be detected also dynamically, as shown in Ref. [8] , measuring a finite density imbalance between even and odd sites due to an initial charge density wave state persisting in time.
IV. MANY COUPLED CHAINS
Let us now consider a further generalization, coupling S identical Aubry-André chains, as in Ref. [15] , so that the system is described by the following Hamiltonian
For simplicity, we will consider only couplings between nearest-neighbor chains, namely α =β is meant as α,β , sum over nearest-neighbor chains, so that we can keep using the same notation as before, t 
and the S × S matrices
The matrices E(i) and T can be 
A. Nearest-neighbor hopping
Let us consider the nearest-neighbor hopping case (j = i ± 1) depicted in Fig. 9 . The S effective uncoupled 
Aubry-André chains have the following critical potentials
As shown in Fig. 10 , the critical potentials divide the phase diagram in three regions. For λ < λ S c all the 
B. Next-nearest-neighbor hopping
Let us now consider next-nearest-neighbor hopping terms (Fig. 12) , supposing that further terms are exponentially small. In this case, after decoupling the chains we get the following S critical Aubry-André amplitudes
where 
For all k and k such that (
where now A k is also replaced by
with P (k) = 2 γ t d ,γ cos(2πγk/S). Referring to the 
V. CONCLUSIONS
We studied the physics of coupled generalized AubryAndré model showing how an intermediate phase can appear, where localized and extended states coexist. This coexistance is actually a mixture of states which can be understood easly after decoupling the system and getting effective decoupled Aubry-André chains with different transition points. We suggest that in the tight-binding limit reached in the experiments where it is observed an intermediate phase, even though the theory predicts that it should be reduced to zero, if we suppose a weak coupling among the chains produced in the experimens, an intermediate phase should appear. Finally we derive the conditions under which there is a unique well-defined mobility edge in such coupled systems that separates unambiguity the localized from the extended wavefunctions.
